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ABSTRACT
 MATTHEW D. JAMES:  An Investigation of Turbulent Streaming
by Direct Numerical and Large Eddy Simulation
(Under the direction of Alberto Scotti)
Above a solid bottom beneath non-linear shallow water waves, it is found that 
due to turbulence asymmetry between subsequent wave half-cycles, a net drift is 
generated in the direction opposite of surface wave propagation.  This 
phenomenon is investigated by means of numerical solution of the incompressible 
Navier-Stokes equations.  With the aid of a turbulence model within a large eddy 
simulation, turbulent streaming is observed at a higher Reynolds number than 
has previously been considered.  During steady intervals when wave-average 
Reynolds and viscous stresses are in balance, the expected streaming behavior is 
observed, with direct dependence on Re.  Included with these findings is the 
interesting absence of bottom shear associated with this streaming.  The behavior 
of turbulent streaming during stress imbalance is also explored and a mechanism 
for streaming spin-up proposed.
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1 Introduction
Reciprocating flows are found in a wide variety of both engineering and natural set-
tings. Having applications ranging from the motion beneath shallow water waves to
pulsing flow in large vascular arteries, it is not surprising that a good deal of atten-
tion has been paid to oscillatory flows in the recent past using both numerical and
experimental techniques. A major application of the study of reciprocating flows is
near-bottom wave action generated by shallow water waves. Wave energy which is
transmitted to the bottom can provide a valuable service in the suspension and trans-
portation of sediments and biological materials e.g. larvae, seeds and plankton in the
cross shore direction. Thus, a solid understanding of the mechanism responsible for
this important process is desirable.
Interestingly, reciprocating flows with a zero-averaged forcing can be accompanied
by a net flow generated within the boundary layer. Beneath waves with non-uniform
free-stream velocity in the propagation direction, continuity dictates a transport of
streamwise momentum across bed-parallel planes. The gain of streamwise momentum
by small vertical oscillations in the fluid generates a body force which drives a net
unidirectional flow landward, or in the direction of velocity during the wave crest half-
cycle. Longuet-Higgins (1953) laid out the first theory of this net transport beneath
surface gravity waves, a laminar flow phenomenon generally termed steady streaming.
Longuet-Higgins’ theory of steady streaming was qualitatively verified by exper-
imental work conducted by Russel and Osorio (1958) and Collins (1963). Collins,
however, noted that steady streaming was reduced as the Reynolds number was in-
creased. The wave flume experiments of Brebner, Askew & Law (1966), Bijker, Kalk-
wijk & Picters (1974) and Van Doorn (1981) all supported the finding of Collins in a
reduction of steady streaming with increasing Re. Clearly, a mechanism in opposition
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to the aforementioned steady streaming is at work in some flows.
Ribberink & Al-Salem (1995) who studied sediment transport by sheet flow iso-
lated the mechanism responsible for the reduction in steady streaming. This was
accomplished by experimentation with a uniformly oscillating water tunnel which
allowed no streamwise variation in free-stream velocity and thus, would not have
been subject to steady streaming of the Longuet-Higgins type. In their water tunnel,
Ribberink & Al-Salem induced both symmetrically forced, sinusoidal oscillations as
well as asymmetrically forced oscillations similar to the action of a 2nd order Stokes
wave. Under symmetric forcing conditions, no net flow was observed. On the con-
trary, a net wave-averaged streamwise current was measured throughout the flow in
the asymmetrically forced cases. Near the bed, this streaming was seaward, or in the
direction of free stream velocity during the trough half-cycle. This turbulent stream-
ing acts in opposition to the Longuet-Higgins streaming, which is directed onshore.
Hence, a probable mechanism for the reduction in the steady streaming noted by
early researchers had been isolated. Unfortunately, the steady streaming generated
by Ribberink & Al-Salem necessitated a compensating return flow in their closed
water tunnel system. This return flow distorted the streaming profile.
Scandura (2007) further isolated turbulent steady streaming by conducting di-
rect numerical simulations of two flows within the intermittently turbulent regime.
Solving the problem over an infinitely expansive plate in the stream and span-wise
directions by using cyclic boundaries eliminated the compensating return flow which
distorted the streaming profile generated in previous experimental work (Ribberink &
Al-Salem, 1995). Despite a disagreement in streaming profile due to this return flow,
fair agreement was achieved in streaming magnitude. Good agreement was also shown
to exist between the streaming profile and the vertical integral of the period-averaged
Reynolds’ stress which had been implicated as the driver of the net flow.
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Holmedal & Myrhaug (2009) used a RANS (Reynolds-Averaged Navier-Stokes)
model with k- turbulence closure to investigate flows with symmetric and asymmet-
ric, uniform and non-uniform forcings. By this, they were able to isolate landward
streaming with non-uniform symmetric forcing and seaward streaming with uniform
asymmetric forcing, ultimately marrying the two mechanisms by forcing the flow with
a realistic non-uniform asymmetric wave. Indeed, in asymmetrical cases, streaming
was either reduced in the landward direction or, for long waves, completely overcome
by turbulent streaming.
Purely oscillatory flows have been grouped into four types, based on turbulent
behavior from fully laminar to fully turbulent. Type I flows remain laminar through-
out the cycle and can be described by Stokes’ analytical solution (1851). Type II
quasi-laminar flows (Reδ > 100) see small perturbations superimposed on the Stokes
solution but are otherwise identical to it. Type III flows (Reδ > 550) are intermit-
tently turbulent and depart significantly from the analytical Stokes solution. In this
type of flow, turbulent bursts begin to appear during the deceleration phase of the
cycle. As Reδ increases, transition to turbulence is shifted to earlier phases until flows
of type IV are realized which are turbulent throughout the cycle (Akhavan, et alia,
1991).
This work presses on to investigate the turbulent streaming generated by flows of
higher Re than have previously been reported, nearing flows of type IV. In order to
complete these simulations in a timely manner, only the large turbulent features have
been explicitly solved for (large eddy simulation, or LES) and small-scale turbulence
has been modeled via plane-averaged dynamic Smagorinsky scheme.
In subsection one of this section, a theoretical development for turbulent streaming
is presented. Subsection two sees the exposition of the simulation parameters and
introduction of constants. In §2, the mathematical methods used for the generation of
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data are discussed, with attention paid to the turbulence modeling scheme and finite-
difference method. In §3, the results of the simulations are presented and interpreted,
with conclusions being drawn in §4.
1.1 Theoretical Development
In this section, the theoretical basis for turbulent streaming will be developed. First,
however, will be defined the averaging methods. Averaging in the homogeneous x and
y directions (streamwise and spanwise, respectively) serve as a proxy for the ensemble
average. The next averaging method produces a period average,
fpa(i) =
1
T
∫ iT
(i−1)T
f(t)dt . (1)
where f is a generic flow quantity, i is a cycle index and T is the period. The steady
component, F, of the flow is produced by,
F = lim
n→∞
1
nT
∫ nT
0
f(t)dt, (2)
where n is an integer. Letting the sum over n periods be,
Sn(f) =
1
n
n∑
i=1
fpa(i), (3)
then the long term mean is,
F = lim
n→∞
1
n
n∑
i=1
fpa(i) =< f(t) >pa, (4)
where brackets denote an ensemble average.
Applying first an ensemble average to the nondimensional momentum balance,
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where u has been decomposed to U + u′,
∂Ui
∂t
+
∂
∂xj
(UiUj) = −1
ρ
∂P
∂xi
+
1
Re
∂2Ui
∂x2j
− ∂
∂xj
< u′iu
′
j > (5)
we see that this equation differs from the full Navier-Stokes equations (Eq. 14) in
the final term, generally called the Reynolds stress. Noting that Uj = 0, the flow is
homogeneous in the xi (streamwise) and xk (spanwise) directions, thus only variable
in xj (vertical) and that the steady quantities, upon period averaging, are zero,
ν
∂2Upa
∂z2
=
∂ < u′w′ >pa
∂z
, (6)
where the substitutions (xi, xj) = (x, z) and (ui, uj) = (u,w) have been made for the
streamwise and vertical directions, respectively. Integrating over the vertical direction
from the bottom (z0) at z = 0, to the top of the domain (zmax), where the flow is
irrotational yields,
ν
[
∂Upa(zmax)
∂z
− Upa(z0)
∂z
]
= [< u′w′ >pa (zmax)− < u′w′ >pa (z0)] . (7)
Noting that the mean shear and Reynolds stress within the irrotational region at
zmax are zero and also that there is no Reynolds stress at z0, we are presented with
an interesting facet of turbulent streaming: the long term, period-averaged viscous
wall shear stress associated with turbulent streaming is identically zero. We are then
presented with a stress balance,
ν
∂Upa
∂z
=< u′w′ >pa . (8)
An equation of turbulent streaming can now be obtained by solving the stress balance
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differential equation,
Upa(z) =
1
ν
∫ z
z0
< u′w′ >pa dz . (9)
Equation 9 is instructive in showing that turbulent streaming is driven by the av-
erage of the generated Reynolds stress over a given wave cycle. For a wall bound
flow driven by a temporally symmetric pressure gradient, the Reynolds stresses gen-
erated during the crest and trough half-cycles are equal and opposite. The opposing
Reynolds stresses are averaged to zero over the course of a complete wave cycle, in
which case no streaming is generated. However, if the same flow is driven by a tempo-
rally asymmetric pressure gradient, such as that induced by non-linear surface waves,
the Reynolds stresses generated during one half-cycle can dominate those generated
during subsequent half-cycle. This non-zero period average of Reynolds stress can
then generate streaming as described by Equation 9. Before the balance described
by Equation 8 is reached, the viscous stress is dominated by turbulent stress and the
flow experiences a net acceleration which continues until balance (Eq. 6) is achieved.
This is seen as the spin-up of turbulent streaming.
1.2 Current Study
To emulate the action of non-linear shallow water waves immediately above a solid
bottom, an oscillatory flow was simulated. The flow was forced by a spatially constant,
temporally variable pressure gradient as by Scandura (2007),
1
ρ
dp
dx
= U0ωsin(ωt) + 2U1ωsin(2ωt), (10)
where U denotes potential velocity and ω denotes frequency. Following the work
of Scandura (2007), and Ribberink & Al-Salem (1995), the ratio ur = U1/U0 was
fixed for all simulations at ur = 0.3. This forcing emulates a nonlinear wave such
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as that described by 2nd order wave theory (Dean, 1991), provided that the vertical
and streamwise computational box dimensions are small compared with the water
depth and wavelength, respectively. This type of nonlinear wave (Fig. 1) could be
expected to induce at the bottom the oscillatory motions which ultimately drive the
phenomenon studied here. Table 1 summarizes the pertinent forcing parameters.
Reδ Period (sec.) U0 (m/s) Umax (m/s)
1000 8 0.481 0.625
2000 8 0.962 1.25
Table 1. Simulation forcing parameters of selected runs.
The computational domain was sized in order to accommodate a turbulent bound-
ary layer and an irrotational region within the z (vertical) dimension. The size in the
stream and span-wise directions was chosen to accommodate coherent turbulent struc-
tures within the boundary layer. These criteria yielded appropriate computational
box dimensions in the streamwise (x), spanwise (y) and wall-normal (z) directions,
respectively as outlined in Table 2. See Appendix A for the procedure used to choose
the resolution and domain size.
Reδ Lx/δ × Ly/δ × Lz/δ Nx ×Ny ×Nz ∆x+,∆y+,∆z+min,∆z+max Type
1000 25.13× 12.57× 25.13 128× 96× 128 7, 5, 1, 18 DNS
2000 50× 25× 62.5 64× 64× 320 42, 21, 1, 26 LES
Table 2. Simulation domain parameters of selected runs.
The domain was bounded by a no-slip condition (ui = 0) at z=0, a free slip or zero
gradient condition (∂ui
∂z
= 0) at z = zmax and was cyclic in the x and y directions.
The flow was initialized with a noisy velocity signal in order to include enough non-
linearity to spark turbulence later in the simulation.
The computational grid used in this study had uniform resolution in the stream-
wise (x) and spanwise (y) directions while resolution was graded from fine near the
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wall to relatively coarse near the upper boundary. The grid resolution was selected
following the unsteady LES work of Salon, et alia (2009) and Scotti, et alia (2001)
as summarized in Table 2.
Quantities are generally made dimensionless during analysis for ease of comparison
with the results of other researchers. The maximum free-stream velocity, Umax is often
used as the velocity scale with the friction velocity, u∗ =
√
τmax
ρ
, also being used at
times. The length scales employed are the Stokes length and the ”wall unit”. The
Stokes length is defined as
δ =
√
2ν
ω
, (11)
where ν is the kinematic viscosity and ω, the wave frequency. The wall unit,
x+i = xi
ν
u∗
, (12)
is generally used when plotting data logarithmically.
Flows are characterized by a Reynolds number,
Reδ =
Umaxδ
ν
, (13)
based on Stokes length and maximum free-stream velocity which occurs during the
crest half cycle as shown in Figure 1. This differs from previous study (Scandura,
2007) where the velocity scale used was the first harmonic of the potential streamwise
velocity.
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Figure 1: Free stream velocity due to Eq. 9. Reδ = 1000.
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2 Mathematical Modeling
2.1 Numerical Method
In this work, the total incompressible Navier-Stokes equations,
∂ui
∂t
+
∂
∂xj
(uiuj) = −1
ρ
∂p
∂xi
+ ν
∂2ui
∂x2j
,
∂ui
∂xi
= 0 . (14)
were solved via parallel computation using a finite-difference method. The Adams-
Bashforth fractional-step method was used here, where both the advective and dif-
fusive terms were treated explicitly as in the work of Chang & Scotti (2003). In the
case of LES, the filtered incompressible Navier-Stokes equations,
∂ui
∂t
+
∂
∂xj
(uiuj) = −1
ρ
∂p
∂xi
− ∂τij
∂xj
+ ν
∂2ui
∂x2j
,
∂ui
∂xi
= 0 . (15)
were solved using a turbulence closure scheme and the Adams-Bashforth method.
2.2 Turbulence Modeling
To reduce the computational demand of the simulation, a large eddy simulation was
performed. In large eddy simulation (LES), only the largest, most energetic scales are
directly resolved by the numerical code. The effect of sub-grid scale turbulent motions,
which are assumed to be isotropic, are realized through some sort of mathematical
model. Here, this effect was realized by the plane-averaged dynamic Smagorinsky
model (Germano, 1991). This type of model computes an eddy viscosity which is
variable both in time and the wall normal direction. The eddy viscosity computation
deduced from the conditions of the smallest resolved flow scales.
As by Germano (1991), the large scales are isolated by filtering the velocity and
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pressure fields through a convolution with a filter function, called the grid filter, G:
f(x) =
∫
f(x′)G(x, x′)dx′ (16)
The smallest resolved scales are isolated by a second filtering operation, by con-
volution with another filter function, the test filter, G˜:
f˜(x) =
∫
f(x′)G˜(x, x′)dx′ (17)
This filter is assumed to be more coarse than the grid filter. In the current study, the
ratio of grid to test filter size is 2.
Starting with the Navier-Stokes equations (Eq. 14) and applying the grid filter,
the filtered equations of motion are obtained (Eq. 15).
The sub-grid scale stresses are realized by the term
τij = uiuj − uiuj (18)
and will be modeled using the Smagorinsky model. Applying the test filter to the
grid-filtered non-dimensional Navier-Stokes equations yields
∂u˜i
∂t
+
∂
∂xj
(u˜iu˜j) = −1
ρ
∂p˜
∂xi
− ∂Tij
∂xj
+
1
Re
∂2u˜i
∂x2j
,
∂u˜
∂xi
= 0. (19)
Similarly, the sub-test scale stresses are
Tij = u˜iuj − u˜iu˜j . (20)
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The effect of the smallest resolved scales are then
Lij = Tij − τij = u˜iuj − u˜iu˜j . (21)
The Smagorinsky model is used provide closure for the two sub-filter scale stresses,
τij and Tij:
τij − (δij/3)τkk ' mij = −2C∆2|S|Sij , (22)
Tij − (δij/3)Tkk 'Mij = −2C∆˜
2|S˜|S˜ij , (23)
where ∆ and ∆˜ are the filter widths associated with the grid and test filters (G
& G˜), respectively and
S˜ij =
1
2
(
∂u˜i
∂xj
+
∂u˜j
∂xi
)
, (24)
|S˜| =
√
2S˜mnS˜mn . (25)
Now, the resolved small-scale turbulent stress is
Lij = −2C(∆˜
2|S˜|S˜ij −∆2 ˜|S|Sij). (26)
Contracting the turbulent stress with the resolved strain rate tensor, Sij we have
LijSij = −2C(∆˜
2|S˜|S˜ijSij −∆2 ˜|S|SijSij). (27)
While C(x, y, z, t) represents the appropriate Smagorinsky coefficient for every
point in space and time for the flow and can be solved for, one may note that the
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quantity in the parentheses could become zero. This problem is alleviated by perform-
ing some sort of averaging operation to yield a non-zero denominator in the equation
for C. In the current implementation, an average is taken over wall-parallel planes,
leaving the coefficient a function of z and t only:
C(z, t) = −1
2
〈
LklSkl
〉
∆˜
2
〈
|S˜|S˜mnSmn
〉
−∆2
〈
| ˜S|SpqSpq〉 . (28)
This model assumes that 1.) There exists similarity between this small scale resolved
turbulence and the sub-grid scale turbulence and 2.) Sub-grid scale turbulence is
isotropic and in the inertial sub-range. These small scales are modeled since they
tend to be similar across widely varying flows and thus, allow for one general model.
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3 Results
3.1 Reδ = 1000
A direct numerical simulation (DNS) at Reδ = 1000 was performed as a comparison
with the results of Scandura (2007). However, since the Reynolds number in the
work of Scandura was defined using the first harmonic of the potential velocity as the
velocity scale, this simulation serves as the lower book-end to his results as recasting
our Reynolds number with a velocity scale as by Scandura (2007) yields Reδ = 700.
This is slightly lower than his lowest Reynolds number case, Reδ = 800. The model
was started as was the LES, with a noisy initial condition. The computational domain
was sized as by Scandura (2007), though the resolution was increased slightly in
order for the domain to be equally split between the 32 available processors. This
resolution was found to be adequate by Scandura (2007) who compared results directly
to work of Jensen et al. (1989). Due to the differences in defining the velocity scale,
the resolution used here is a great deal finer than that used in previous turbulent
streaming studies.
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Figure 2: Time series of friction coefficient depicting a quasi-laminar state from n =
[1, 42] followed by transition to an intermittently turbulent state and return to a
quasi-laminar state at n ' 210. Reδ = 1000.
While some researchers (Scandura, 2007 and Vittori & Verzicco, 1998) have im-
plemented an artificial velocity wall function to trigger transition to turbulence, the
choice to omit a wall treatment here came at no great computational cost. The flow
remained quasi-laminar for about 43 cycles (Fig. 2 & Fig. 3), at which time the wall
stress magnitude,
τw,max = ν
∂u
∂z
, (29)
increased by nearly a factor of two at times as the flow transitioned to an intermit-
tently turbulent state. This appears to be a transition from a type II flow to one of
type III. The flow was then intermittently turbulent, with transition to turbulence
occurring at various points during the deceleration phase of the cycle. More ener-
getic cycles were characterized by transitions to turbulence earlier in the decelerating
phase as seen in Figure 10. Transition to turbulence during this phase was noted
in the experimental work of, among others, Jensen et alia (1989) who studied sym-
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metrically oscillating flows as well as the asymmetrical numerical study of Scandura
(2007). The flow regularly reverted to a weakly turbulent state during the crest half-
cycle but consistently transitioned to turbulence during the latter part of the trough
half-cycle. The reversion to a laminar state is not surprising given the absolutely
smooth bottom in the computational domain and the fact that Reδ = 1000 lies in a
transitional regime of oscillatory flow (Jensen et al., 1989)
Figure 3: Z-plane averaged velocity at z/δ = 0.01. Arrow indicates a slight departure
from laminar flow. Reδ = 1000.
When the wave friction coefficient,
fw = 2
τw
U2max
, (30)
during turbulence was considered separately from the friction coefficient magnitudes
during laminar or very weakly turbulent cycles, there was good agreement between the
results of our DNS and the experimental findings of Jensen, et alia (1989) and Spalart
& Baldwin (1987). By inspection, a discriminating friction coefficient of 0.0038 was
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used as the value below which the flow was identified as weakly turbulent. Since it is
doubtful the experimental bottom of Jensen et al. (1989) was perfectly smooth, thus
keeping the flow turbulent, the author felt justified in sampling only the turbulent
cycles.
Examining the period-averaged flux through an x-normal plane in Figure 4, a see
slight streaming development during the weakly turbulent interval n = [1, 30] can
be seen. Following this, a characteristic negative streaming occurred which was also
shown by Scandura (2007) at the beginning of the simulation, likely due to the flow
encountering turbulent bursts first during the trough half-cycle. Turbulent streaming
was then built in the flow with a definite positive trend in period averaged flux on
the approximate interval, n = [50, 100]. Shortly after n = 100, the trend began to
level off, corresponding to the balance of turbulent and viscous stresses within the
flow (Figure 7).
Figure 4: Non-dimensional period-averaged flux through an average x-plane. Dashed
lines indicate representative spin-up and spin-down intervals, n = [91, 120] and n =
[167, 196]. Reδ = 1000.
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In addition to exploring the balanced turbulent streaming induced by asymmet-
ric waves as set forth by the theory of section 1.1, it was desired to understand the
underlying mechanism of turbulent streaming spin-up. For this, the turbulent char-
acteristics of the crest and trough phases of the flow were compared.
Moving away from the wall into the body of the fluid, the development of turbulent
streaming can be seen as an imbalance in turbulent dissipation between the trough
and crest half-cycles. Examining the mean flow’s kinetic energy budget,
D 1
2
U2i
Dt
=
∂
∂xj
(
−PUj
ρ0
+ 2νUiEij− < u′iu′j > Ui
)
− 2νEijEij+ < u′iu′j >
∂Ui
∂xj
, (31)
over a spin-up interval is instructive. The right hand side of Equation 31 consists of
the various processes that affect a change in the mean kinetic energy, the left hand
side of the equation. The first term on the RHS is due to advection of mean kinetic
energy into or out of a control volume. The second term is mean kinetic energy loss
due to viscous dissipation. We focus on the final term, a loss of mean kinetic energy
by the generation of turbulence. As in Figure 5, the flow is at first imbalanced over the
cycle during spin-up, expending more energy during the crest half-cycle than during
the corresponding trough half-cycle.
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Figure 5: Ensemble averaged rate of mean flow energy loss to turbulence. n=[50,
100]. Reδ = 1000.
Using the trapezoidal method of numerical integration,
Total Crest M.K.E. Loss =
∫ 158
0
< u′w′ >
∂U
∂z
dθ ' −2.96
Total Trough M.K.E Loss =
∫ 359
159
< u′w′ >
∂U
∂z
dθ ' −1.68
This loss of energy prevents the crest half-cycle (θ ' [0, 158]) from reaching its
potential velocity, 1.3U0. Thus, the trough half cycle (θ ' [159, 360))has gained
a ”head start” and attains a velocity amplitude greater than its potential velocity,
0.7U0. While the mean flow of the trough half-cycle encounters comparatively less
turbulent dissipation, its velocity amplitude increases. This process repeats until the
trough half-cycle free-stream velocity amplitude is comparable to the retarded crest
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half-cycle and, owing to its greater duration, encounters greater energy dissipation by
turbulence. Over intervals with a dominance of turbulent mean kinetic energy loss
during the trough half-cycle (Fig. 17), the flux trend is negative (Fig. 4).
Figure 6: Cumulative rate of mean flow energy dissipation via turbulent kinetic energy
production. –, Landward half-cycle; - -, Seaward half-cycle. n=[91, 120]. Reδ = 1000.
Developed turbulent streaming can be seen as viscous and Reynolds stresses within
the fluid come into balance, as during a spin up interval from 91 to 120 cycles (Fig-
ure 7). There still exists an imbalance near the top of the domain in panel three,
suggesting that turbulent streaming is not quite yet fully developed. A low-frequency
modulation is evident in Figure 4, however its cause is as yet undetermined and elusive
due to the inconsistently turbulent cycles encountered here.
The dominance of turbulent mean kinetic energy loss during the crest half-cycle
is apparent during a spin up interval n = [100, 129] in Figure 6. The crest half-cycle
dissipates far more energy than the accompanying trough half-cycle, corresponding
to a rapid reduction in free stream velocity during the crest half-cycle and also vis-
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cous shear stress (Fig. 7). The reduction of mean flow shear in turn mitigates the
production of turbulent stress.
Figure 7: Balance of Reynolds to viscous shear stresses during turbulent streaming
spin-up, averaged over respective intervals. - -,Viscous Stress; –, Reynolds Stress.
Reδ = 1000
Scandura (2007) was able to demonstrate through simulation that the hydro-
dynamic force on the bottom associated with turbulent streaming trends to zero,
a feature of turbulent streaming predicted by mathematical arguments involved in
striking a balance between Reynolds and viscous stresses. This absence of wall shear
stress is confirmed in Figure 7, panel three.
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Figure 8: Normalized streamwise velocity averaged over: - -, n=[91, 100]; -.-, n=[101,
110]; –, n=[111, 120]. Reδ = 1000.
The average streamwise velocity corresponding to a balance of viscous and Reynolds
stresses agreed well with the work of Scandura (2007) in terms of magnitude, pres-
ence of a zero-shear layer near the bed and qualitatively in shape. One can note in
Figure 8 the development of the streaming velocity, corresponding to the balancing
of the period averaged stresses (Fig. 7).
Over the interval n = [104, 124] which appears to exhibit no trend in streaming
flux (Fig. 4), a stress balance is seen (Fig. 9). This interval is representative of the
expected long-term behavior of the asymmetrically oscillating flow as n→∞.
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Figure 9: Panel 1: Stress Balance. - -: Viscous Stress; –:Reynolds Stress. Panel 2:
Mean streamwise velocity. Averaged over interval n = [104, 124]. Reδ = 1000
In Figure 10, it is apparent that the flow is transitional in nature, regularly re-
verting to a quasi-laminar state. Recent attempts to model oscillatory flows within
this regime with large eddy simulation (Salon et alia, 2007) were met with difficulty
likely for this reason.
Figure 10: Wave friction coefficient. Reδ = 1000.
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Figure 10 presents the progression of the mean streamwise velocity through an
average cycle. The flow begins near θ = 0o at its velocity minimum and building with
a slight near-wall lead until reaching its maximum velocity just before θ = 90o, during
the crest half-cycle. The flow reaches a fairly constant seaward velocity maximum
in θ = (202o, 248o). The velocity near the wall is expected to lead the free-stream
velocity by less than 45o, which is typical of laminar flows up to Rea ' 4×104 (Jensen
et alia, 1989). The wall velocity was found to lead that of the free-stream by about
27o. While not directly comparable due to differences in oscillation, this compares
favorably with the phase lead reported for transitional flows by Jensen et al. (1989).
Figure 11: Phase averaged streamwise velocity profile. n=[104,124]. Reδ = 1000.
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The transitional nature of the flow is also evident in Figure 12. The flow nearly
develops a logarithmic layer characteristic of fully developed turbulent flows near
the end of the trough phase (θ = 292o) before decelerating to zero. As shown in
Figure 10, this analysis contains a number of weakly turbulent cycles thus preventing
the appearance of a stable turbulent boundary layer over the averaged interval.
Figure 12: Mean streamwise velocity. n=[104,124]. –,Non-dimensional Streamwise
Velocity; - -,
∣∣∣ U
u∗(θ)
∣∣∣ = 1
κ
ln z+(θ)+5. Seaward half-cycle panels are indicated by a gray
background, crest by white. Reδ = 1000.
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The Reynolds stress, like the mean streamwise velocity is at a minimum at θ = 0o
(Fig. 13). The flow generates the strongest Reynolds stress during the crest half-
cycle, corresponding to greatest streamwise fluctuation intensity (Fig. 14), followed
by a milder trough half-cycle. As a measure of Reynolds stress asymmetry, the ratio
of maximum Reynolds stress during the crest half-cycle to maximum Reynolds stress
during the crest half-cycle yields a value of 1.93 . This is in close agreement with the
work of Scandura who reported an asymmetry of 2.12 for a slightly higher Re and
highlights the turbulence asymmetry that ultimately drives turbulent streaming.
Figure 13: Z-Plane and phase averaged normalized Reynolds stress over the interval
n = [104, 124]. Reδ = 1000
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As the flow is driven by a longitudinal pressure gradient, it is not surprising that
the streamwise velocity fluctuation (u’) finds the greatest excitation throughout the
phase. Energy is passed from streamwise fluctuations to spanwise (v’) and vertical
(w’) velocity fluctuations. This dominance of streamwise velocity fluctuations has
been noted by a number of experimental and numerical experiments including Kim
& Moin (1987), Spalart & Baldwin (1987) and Jensen et al. (1989). Only during flow
reversal when there is little energy input to the flow, is the streamwise fluctuation
comparable to the span and cross-stream components.
Figure 14: Z-Plane and phase averaged normalized velocity fluctuating component
over the interval n = [104, 124]. =, (u’u’) ; - -, (v’v’) ; –, (w’w’);. Reδ = 1000
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Figure 15: Comparison of Reynolds to viscous shear stresses during turbulent stream-
ing spin-down, averaged over respective intervals. - -,Viscous Stress; –, Reynolds
Stress. Reδ = 1000.
Examining the flow later in its development, we see that the period averaged flux
(Fig. 4) and associated streaming velocities (Fig. 18) have risen remarkably. While
there is a slight negative trend in streaming amplitude, the near balance of turbulent
loss of mean kinetic energy between the crest and trough half-cycles (Figures 16
& 17) affords no quick way to return the flow to the stress balance. Rather, the flow
appeared to maintain an enhanced streaming (Figure 18) to n = 205 when the flow
again reverted to a weakly turbulent state and consequently reduced its streaming
amplitude.
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Figure 16: Ensemble averaged rate of mean flow kinetic energy loss to turbulent
kinetic energy. n=[167,196]. Reδ = 1000.
Figure 17: Cumulative rate of mean flow kinetic energy loss to turbulent kinetic
energy. –, Landward half-cycle; - -, Seaward half-cycle. n=[167,196]. Reδ = 1000.
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Figure 18: Non-dimensional streamwise velocity averaged over: - -, n=[167, 176]; -.-,
n=[177, 186]; –, n=[187, 196]. Reδ = 1000.
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3.2 Reδ = 2000
In order to explore the effect of increased turbulent duration and intensity on steady
streaming, a simulation was carried out at a Reynolds number higher than that
studied by previous authors. In order to reduce the computational effort required,
a Z-plane averaged dynamic Smagorinsky turbulence closure scheme was employed.
Large eddy simulation has been shown to perform satisfactorily in recent oscillatory
flows of similar strength (Salon et alia, 2006). The average simulated 8 second cycle
took about 30 minutes of wall time across 32, 2.8 GHz processors on the University of
North Carolina at Chapel Hill’s Kure cluster. Through the use of parallel computing
and turbulence modeling, it was practical to increase the forcing and physical size of
the computational domain while still retaining adequate resolution.
In order to help validate the turbulence model used, the wave friction coefficient
garnered by the LES (Fig 19) was compared against a summary of experimental
results presented by Jensen et alia (1989). The ensemble averaged wave friction co-
efficient of the crest half-cycle agrees well with these results. However, the maximum
wall shear stress led the maximum free stream velocity on average by only 4.6o. A
phase lead of maximum wall shear stress occurs in symmetrically oscillating flows
with increasing Re , and while this small maximum shear phase lead is typical of very
high Re symmetrically oscillating flows (Jensen et alia, 1989), the author feels that
this discrepancy can be attributed to the difference in oscillatory behavior, that is
asymmetric versus symmetric. Explanation of this behavior highlights a present diffi-
culty in the modeling of asymmetrically oscillatory flows in that there are a scarce few
experimental data sets in the open literature with which to compare computational
results.
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Figure 19: Phase-averaged wall friction coefficient. n=[1,129]. Reδ = 2000.
In further validation, the model predicted very well the formation of a logarithmic
layer (Fig. 20) which suggests fully-developed turbulence for a portion of the crest
half-cycle and most of the trough half-cycle.
Figure 20: Mean streamwise velocity. n=[1,129]. –,Non-dimensional Streamwise
Velocity; - -,
∣∣∣ U
u∗(θ)
∣∣∣ = 1
κ
ln z+(θ)+5. Seaward half-cycle panels are indicated by a gray
background, landward by white. Reδ = 2000.
When a steady interval (Figure 22, i.e. one that is represented reasonably well
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by Eq. 8) is examined, we see that the period-averaged streamwise velocity takes
on the characteristic shape seen in previous work on turbulent streaming (Scandura,
2007) as shown in Figure 21. Also, the magnitude of the streaming is greater than
that generated by lower Re simulations, supporting the assertion of Equation 9 in a
dependence of streaming velocity upon Reynolds number.
Figure 21: Period-averaged streamwise velocity profile. n=[9,22]. Reδ = 2000.
Again, in Figure 22, we see that there exists zero stress at the wall, consistent with
turbulent streaming. The flow appears to strike a balance last in the upper layer of
the flow, just above a persistent viscous stress peak.
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Figure 22: Balance of period-averaged Reynolds to viscous shear stresses. n=[9,22].
- -,Viscous Stress; –, Reynolds Stress. Reδ = 2000.
In Figures 23 through 26, phase-averaged quantities over the balanced interval
n = [9, 22] are presented. Considering Figure 23, it was noted that the flow was largely
similar to that of the lower Reynolds number case with two apparent exceptions. First,
flow reversal near the wall occurred sooner (θ ' 135o) than in the previous case. This
highlights the decreased wall shear phase lead coincident with increased Re. This is
due to enhanced vertical turbulent mixing of momentum to the wall. This increased
diffusion of momentum also explains the increased low-level vertical shear exhibited
by this higher Re case.
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Figure 23: Z-Plane averaged Reynolds stress over the interval n = [9, 22]. Reδ = 2000.
Similar to the analysis over the entire record (Fig. 20), a mid-level logarithmic
mean streamwise velocity profile was evident over much of the balanced interval. The
log-layer, which suggests a fully developed, stable turbulent boundary layer, developed
in portions of both the landward and seaward half-cycles. The theoretical boundary
layer profile,
U
u∗(θ)
=
1
κ
ln z+(θ) + 5 , (32)
where the von Karman constant (κ) was 0.41, matched the observed profile very
well over θ = [45o, 90o] and θ = [202.5o, 315o]. The peculiar shape of θ = 337o in
Figure 24 is due to the locally small value of friction velocity which was used to
non-dimensionalize the streamwise velocity.
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Figure 24: Mean streamwise velocity. n=[104,124]. –,Non-dimensional Streamwise
Velocity; - -,
∣∣∣ U
u∗(θ)
∣∣∣ = 1
κ
ln z+(θ)+5. Seaward half-cycle panels are indicated by a gray
background, landward by white. Reδ = 2000.
The generated Reynolds stress also resembles closely the behavior of the previous
case, except for increased stress during the middle part of the crest and trough half-
cycles owing to a greater forcing. Also, a relative reduction in Reynolds stress near
flow reversal was observed. This reduction results from the relatively early generation
of opposing Reynolds stresses from the subsequent cycle in the present case.
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Figure 25: Z-Plane and phase averaged, non-dimensional Reynolds stress over the
interval n = [9, 22].Reδ = 2000.
Again, with streamwise fluctuations being directly excited by the mean flow, these
were the most dominant throughout the cycle. The turbulent streamwise fluctuations
were generated in a thin near-wall layer and subsequently diffuse upward into the flow,
passing energy to the cross and vertical fluctuating components, which occupied the
bulge evident throughout the cycle at z/δ ' 7.
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Figure 26: Z-Plane and phase averaged non-dimensional velocity fluctuating compo-
nent over the interval n = [9, 22]. =, (u’u’) ; - -, (v’v’) ; –, (w’w’);. Reδ = 2000.
While asymmetrically oscillating flows are expected to settle to a long term aver-
aged stress balance like that of a steady interval (Fig. 22), this balance is in general
not held. While some stability in the non-dimensional flux trend trend was observed
as in Figure 27 particularly around n = 25 and after n = 100, the streaming gen-
erated by the turbulent flow was extremely variable (Figure 28), the time series was
split into seven groups, or ”sets” , of thirty cycles. Each of these seven sets was then
analyzed separately.
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Figure 27: Non-dimensional flux trend, Sn(Qpa). Reδ = 2000.
Figure 28: Non-dimensional period-averaged flux through an average x-plane. Roman
numerals indicate set number. Reδ = 2000.
Equation 8 is expected to hold provided that enough cycles have been averaged
over to eliminate any transient effects. While unexpected, the transient behavior on
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intervals III through IV presents an opportunity to examine unbalanced streaming. To
account for this transient behavior, we must take a new approach to the mathematical
development of turbulent streaming.
Beginning again with the nondimensional Reynolds averaged streamwise momen-
tum balance (Eq. 5) and performing a period-average, we this time retain the Eulerian
acceleration, ∂U
∂t
. Since we assume that there is still no mean vertical (W ) or spanwise
(V ) velocity and the average of the periodic pressure gradient forcing over any whole
number of cycles is identically zero, we obtain,
Upa(iT )− Upa((i− 1)T )
T
=
1
Re
∂2Upa
∂z2
− ∂ < u
′w′ >pa
∂z
. (33)
Integrating Equation 33 in the vertical,
1
T
[Qpa(iT )−Qpa((i− 1)T )] = 1
Re
[
∂U(z)
∂z
− ∂U(0)
∂z
]
− [< u′w′ > (z)−
:0
< u′w′ >(0)] .
(34)
Noting that the final term is zero due to the no-slip condition at the wall, we are
then left with an expression which describes the bulk streamwise, period-averaged
acceleration,
∆Qpa(i)
T
=
1
Re
∂U(z)
∂z
− τw− < u′w′ > (z) . (35)
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Figure 29: Set-averaged streamwise ”acceleration” according to Eq. 35, made nondi-
mensional by the maximum pressure gradient. Reδ = 2000.
Figure 29, which depicts vertical profiles derived from Equation 35, suggests that
there ought to be a negative acceleration of the set-averaged flow from sets II through
VII. However, Figure 28 and 30 tell a very different story. For instance, set II exhibits
a strong acceleration in contradiction to Figure 29. The only relation appears to be
greater deceleration accompanying enhanced streaming.
41
Figure 30: Set-averaged volume-integrated non-dimensional acceleration, ∆Qpa
T
.
Reδ = 2000.
Figure 31: Period-averaged mean Reynolds stress vs. Period-averaged mean flux; o,
Vertically integrated Reynolds stress. –, Period-averaged flux. Reδ = 2000.
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What is evident is that the negative acceleration predicted by Eq. 35 accompanies
periods of enhanced streaming. Futhermore, Figure 31 suggests that while the flow
responds as expected until n ' 30, with dominant mean kinetic energy loss to turbu-
lence during the crest half-cycle, prompting streaming in the positive x direction, the
period-averaged Reynolds stress after a sharp event at the end of set II is strongly in
the negative x direction, and yet the expected deceleration does not occur.
Figure 32: Set-averaged non-dimensional mean streamwise velocity profiles. Reδ =
2000.
As in Figure 32 an enhanced streaming is maintained. Interestingly, this enhanced
streaming appears to have a characteristic log-law shape (Fig. 33). This may suggest
turbulent structures which have periods greater than that of the forced oscillation. If
this is in fact the case, this large scale turbulent structure may be responsible for the
anomalously high streaming generated by this flow. This non-linear feature would
have been omitted during the mathematical development of steady streaming in this
section.
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Figure 33: Set-averaged mean streamwise velocity profiles. Reδ = 2000.
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4 Discussion
This study has served to consider the turbulent streaming induced by a spatially
uniform, temporally asymmetric flow such as might be induced by shallow water
waves moving over a flat impermeable bottom at a Reynolds number higher than
that previously simulated. The streaming predicted during intervals upon which the
Reynolds and viscous stresses were balanced held a fair agreement with previous
numerical and experimental studies.
An attempt was also made to explore the unsteady nature of turbulent streaming
by looking more closely at the turbulent dissipation imbalance caused by mean flow
asymmetry. While there existed some agreement to the proposed mechanism for
streaming spin-up, mostly in early phases prior to stress balance, there appears to be
at work an unknown feature which maintains a strong net period averaged velocity
and associated mean wall shear stress. This enhanced streaming acted always in the
direction of the flow during the trough half-cycle. It is speculated that the feature
is a large-scale turbulent eddy which was induced in both cases. To further explore
a possible long-period turbulent structure, it would be beneficial to simulate a great
many more cycles than was practical for this study.
Future work could include pressing on to yet higher Reynolds numbers, nearing
flows of Type IV where there exists very little quiescent flow throughout the cycle.
Also desirable would be the inclusion of higher mean flow velocity harmonics to better
replicate real shallow water waves. Further applications which may benefit from
additional study would be the ability of turbulent streaming to transport sediment.
It is suspected that as the Reynolds number increases, the bottom mobilizing shear
will increase along with turbulent fluctuations which may keep particles aloft long
enough to be transported by the generated streaming.
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5 Appendices
APPENDIX A
This appendix outlines a procedure
for determining appropriate simulation parameters.
To provide a general starting point for the initialization of new simulations, a
procedure was devised to take inputs of desired Reynolds number, frequency and
viscosity and output values useful in estimating simulation parameters.
Starting with Re, ω and ν, solving for Umax,
Umax = Reδ
√
νω
2
, (36)
the first harmonic of the forced velocity can be calculated by,
U0 =
Umax
1 + ur
. (37)
Assuming U0 is within the irrotational region of the flow, the quantity U0ω makes
up the amplitude of the first harmonic of the forcing pressure gradient. The second
harmonic is found by multiplication with ur.
Next, given the Stokes length,
δ =
√
2ν
ω
(38)
a rough estimate for the maximum wall shear stress can be found,
τw,max = ν
∂U
∂z
' νUmax
δ
. (39)
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From this, the maximum friction velocity and wall unit was calculated,
u∗,max =
√
τw,max , l
+
max =
ν
u∗,max
. (40)
The wall unit calculated was used primarily as a gauge for resolution. Some previous
LES work (Salon, et al., 2007 & Scotti, et al., 2001) was used to determine suitable
first-cut resolutions.
Next, the domain was sized to contain certain physical features. In the vertical,
the domain was to be sufficiently large as to maintain an irrotational region at the
upper boundary. The streamwise dimension (length) was set to at least 2000 wall
units, which was thought to be large enough to capture entire coherent structures.
The spanwise dimension (width) was simply half of the sreamwise dimension.
Finally, the number of grid points in each direction to obtain the desired resolution
was calculated by Ni = Li/∆xi. This quantity was then adjusted to ensure that the
domain could be evenly split between the 32 processors used in computation.
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